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A NOTE ON THE HILALI CONJECTURE 


MANUEL AMANN 


Abstract. In this short note we observe that the Hilali conjecture 
holds for 2-stage spaces, i.e. we argue that the dimension of the rational 
cohomology is at least as large as the dimension of the rational homotopy 
groups for these spaces. We also prove the Hilali conjecture for a class 
of spaces which puts it into the context of fibrations. 


Introduction 

There are a lot of prominent conjectures in Rational Homotopy Theory 
centering around the question of how large the cohomology algebra of a 
space has to be under certain conditions. The toral rank conjecture poses 
this question in the context of (almost) free torus actions, the Halperin 
conjecture—interpreted in the right way—asks this for the cohomology of 
the total space of certain fibrations. A conjecture by Hilali poses such a 
question based upon the size of the rational homotopy groups of a space (see 
[4]). It is formulated for rationally elliptic spaces, i.e. for simply connected 
spaces A satisfying dim7r*(A) (g) Q < oo and dimi7*(A;(Q>) < oo. 

Conjecture (Hilali). Let X be a simply-connected rationally elliptic space. 
Then it holds that 


dim H* ( X; Q) > dim 7r* ( X) <g> Q 

We remark that in terms of minimal Sullivan models (A W, d) this conjec¬ 
ture can be stated equivalently as 

dim H (A W, d) > dim W 

In this article we shall essentially use this transition. 

The Hilali conjecture was confirmed in several cases. It is known if X is a 
nilmanifold, if dim A < 16, if A is a formal or a coformal space, or if it is a 
symplectic or cosymplectic manifold (see [10], [7], [5], [6], [8]), respectively 
for hyperelliptic spaces (see [3]). 

In this note we consider the two-stage case as well as a class of spaces 
which involves fibration constructions. 

This is the class (X) of elliptic spaces, characterised by the subsequent 
properties of the minimal Sullivan model (AW, d). For this we draw upon 
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the n-stage decomposition of (AW 7 , d) = A(0 o<i IW,d) with d (Wi) CAIT<j 
for all i. Besides, recall the definition of the Wang derivation 6 Wi by 

Wi ■ 9 = d - d w . 


where we define d Wi = d| Wi= o as the usual differential followed by evaluation 
of Wi = 0. 

Let (Ay, d ; ) be an elliptic minimal Sullivan algebra which satisfies the 
Hilali conjecture and admits a n 2 -stage decomposition for some n 2 £ No- Let 
W ni+ i +i = Vi for 0 < * < n 2 . Let W 0 © ... © W ni © W ni+ri2+ 1 0... © W n3 be 
concentrated in odd (ordinary) degree. The class X is defined via the existence 
of a homogeneous basis (wi)i —homogeneous with respect to ordinary degree 
deg and lower degree lowdeg—for W satisfying that 


d |AW ni ,...,„ 2 = d' 

and one of the following two conditions. 

(1) - (d Wi) 2 = 0 for lowdeg Wi > n\ + n 2 and 

- 0‘1, ( Wj ) = 0 for lowdeg Wi < n\ and lowdeg Wj < 

(X) m + n 2 , or 

(2) - (dtCi) 2 | A(iy>ni ) = 0 for lowdeg Wi > m + n 2 and 

- Q\j. = 0 for lowdeg Wi < n\. 

where |A(w> ni ) denotes the projection W{ ha 0 for i < ri\. 

The second class of spaces we consider are the so-called 2-stage algebras, 
which are characterised by 


(S 2 ) 


(1) d(U) = 0 

(2) d(T)CA U 


(with a priori no further restrictions on the parity of the degree.) Note that 
neither all two-stage spaces are hyperelliptic nor that all hyperelliptic spaces 
are two-stage (see Section 2 of the Appendix). However, both classes contain 
pure spaces and the proofs in both cases are similar. 


Theorem A. The Hilali conjecture holds for the classes (X) and (S 2 ). 

Corollary. Let (AW, d) be a Sullivan algebra with W concentrated in odd de¬ 
gree. Suppose W admits a basis w±,..., w n satisfying that dwi is a monomial 
in the Wj for all 1 < i < n. Then (AW, d) satisfies the Hilali conjecture. 

Remark. We note that [3, Estimate (9), p. 32] also proves the toral rank 
conjecture for hyperelliptic spaces. In fact, on rationally elliptic spaces X 
it holds that rko(AT) < —x-k(X) = dimIT odd — dimIT even where (AIT, d) 
is a minimal Sullivan model for X (see [2, Theorem 7.13, p. 279]). In the 
hyperelliptic case the estimate says that dim H(AW, d) > 2~ Xn ^ x \ 0 

Remark. We observe that [3, Estimate (9), p. 32] can also be obtained 
by the following elementary arguments. In the terminology of [3, Section 
4.2, 32] one may compare the dimension of the X^-term of the Leray-Serre 
spectral sequence associated to the rational fibration 


(AT, d) ^ (AW, d) = (A(T © <£/!», d) -A (A(y 1 ), 0) 


with dyi = xi £ V, namely 2dimi7(AT, d), to the dimension of its infinity 
term, which is dim H(AW, d). Proceeding inductively directly yields the 
inequality. 0 
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1. The First Class of Spaces 

As usual we write W< ni+n2 for Wo © W\ © ... © W ni+n2 etc. 

The main characteristic of the class Z is indeed that it allows a decompo¬ 
sition into rational fibrations. In the first case we obtain the fibrations 

(AW< ni+n2 ,d) -A (AW,d) -A (AW> n2 ,d) 

and 

(AW< ni , d) c > ( y AW<. n \+ri21 d) t (AW ni+ i r .. )ni+n2 , d) 
and in the second one the fibrations 

(A W < ni , d) -a (AIT, d) -A (AW >ni , d) 

and 


(AWjh+i,.. .,ni+n2) d) -A (AW> ni ,d)-A (AW >n2 ,d) 

That is, in any case the space results from two fibrations involving the 
space (AV, d ; ). In the first case this space will first play the role of the fibre 
in a fibration, before the resulting totla space will serve as a base space in a 
second fibration. 

In the second case (Ay, d ; ) will play the role of the base in the first fibration, 
before the new total space will act as a fibre in a second fibration. 

Proof of Theorem A-Second assertion. Let (AIT, d) be an alge¬ 
bra of type X. We shall only consider the first scenario depicted above, the 
second one following from completely analogous arguments. 

We consider the fibration 

(AW< ni ,d) c t (AW< ni+n2 ,d) y (AW ni+ i,... ini+n2 ,d) 

and observe that we may replace it by a sequence of fibrations as follows. Let 
wi,... ,w k be the basis elements from above spanning W< m in increasing 
lower degree. We obtain a fibration 

(A(uq),d) -A (Aiy< ni+n2 ,d) -A (A(iy ni+ 1 „. 

.,ni+7i2 © (w 2 ,...,Wk)), d) 

and consider its associated Wang sequence. From [9, Remark 2.2, p. 195] 
we recall that the connecting homomorphism of the sequence corresponds to 
the Wang derivation from above. More precisely, we have the following long 
exact sequence. 

... -> LP(AW< m+n2 , d) -a H\A{W ni+l 

,...,ni+n 2 © (w 2 , • • .,w k }), d) 

^4 H i - degWl+1 {A(W ni+ly ..., ni+n2 © {'(('2, . . . , Wfc )),d) 

-A F i+1 (Aiy< ni+n2 ,d) -> ... 

where it is easy to see that 0 induces 9^ 1 on cohomology (see [9, p. 194]). By 
assumption also the morphism 6* satisfies (f?^) 2 = 0. We have that 

iL(A(W m+ i i ... )m+n2 © (w 2 , • • •, w k )),d) = ker 6* Wl © im 9* Wl 
The Wang sequence splits as 

(1) 0 -A (coker0* 1 ) < - degu ’ 1 -A iL*(Aiy< ni+n2 ,d) -A (ker^J* -A 0 
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Consequently, every element in ker 0^ contributes to the cohomology of 
H(AW< ni+n2 ,d). Choose a complement to ker 9* n isomorphic to irn 0* n . 
Since (flj^) 2 = 0 every such element also contributes to the cohomology via 
the kernel, namely in its isomorphic form from irn 6* ±n , on which 9^ vanishes. 
This shows that 


H(AW< ni+n2 ,d) 

= dim H (A( W ni +i r . 

.,ni+ri 2 © (w i, . . ,,W k )),d) 

>dimiL(A(W ni! ..., ni+n2 © (w 2 ,.■ .,w k )),d) 

We need to argue that strict inequality holds. For this we concentrate 
on the contribution by the cokernel in (4). Indeed, strict equality holds 
unless coker 9* n = 0 and 9^, is surjective. Since deg uq / 0, the morphism 
9^ strictly reduces the degree. As we are dealing with rationally elliptic 
spaces, which have finite-dimensional cohomology, in particular, it follows 
that surjectivity can never hold. This proves that 

dim H (A(W ni ,..., ni + n2 © (uq,... ,w k )),d) 
>dimi7(A(W ni! ... jni+n2 © (w 2 , ■ ■ .,w k )),d) + 1 

Using the analogous arguments we proceed by considering the morphisms 
®w 2 ’ C 3 >■■■■, ®w k ■ Eventually, this yields 

(2) dim H (A(IU< ni+n2 ,d) > dimFZ'(AW ni+ i r .. ) „ 1+n2 ,d) + k 


Let us now deal with the fibration 

(AW< ni+ „ 2 ,d) -A (AW,d) -> (AW>„ 2 ,d) 

This time let wi,... ,w k denote a basis of W> n2 ordered by increasing lower 
degree. Again, we shall decompose this fibration into a sequence of fibrations, 
this time with spherical fibres, beginning with 

(A (W< ni+n2 © (wi,.. .,w k - i)),d) ^ (AW, d) —> (A(w k ), d) 

We consider the associated Gysin sequence in order to prove that 

dim H (AW, d) 

= dim H (AW< ni+n2 © (wi,...,w k ), d) 

> dim H (AW< ni _|_„ 2 © {wi,...,w k _ i), d) + 1 


( 3 ) : 

> dim H(AW < ni+n2 , d) + k 

For this we argue in an analogous way to the line of reasoning with the 
Wang sequence above. We only present the arguments for the first spherical 
fibrations, all the other ones being completely analogous. 

It is essential to observe that the Euler class of the sphere bundle is given 
as the class [duq] of duq in the cohomology of the base space (A (W< ni+r) , 2 © 
(wq,... ,w k - i)),d)—see [1, Example 4, p. 202], By assumption (duq) 2 = 0. 
The connecting homomorphism of the Gysin sequence is the cup product 
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with the Euler class. Thus we may mimic exactly the arguments from above 
by considering the short exact sequence 

( 4 ) 

0 (coker ([dtiq] U (•)))* H l (AW,d) -» (ker([duq] U (•)))*~ degtWfe —> 0 
This yields Inequality (3). 

Now we combine Inequalities (3) and (2) together with the assumption 
from the assertion that 

dim H (AIT ni -|-i ) ... )ni -|_ n 2 > d) 

= dim H (A V, d) 

> dim 7r* (AV, d) 

= dim V 
= dimW ni+ i ! .. 

,,n 1 +n 2 

in order to prove the assertion, namely 
dim H(AW, d) 

> dim H ( AW < ni+n2 , d) + dim W >n2 

> dim H (AW ni+ i ) ... )Tll+ri2 , d) + dim W< ni + dim W >n2 

> dim W ni+ i,..., ni+n2 + dim W< ni + dim IT >n2 
= dim W 

□ 

Remark 1.1. The Gysin and Wang sequences are not restricted to odd- 
dimensional fibres or bases. In the case of a fibration with fibre § 2 , the 
Halperin conjecture, which is confirmed in this case, however, yields that 
the cohomology modules of the total space splits as a product and the Hilali 
conjecture for it holds true trivially once the base space satisfies it. We leave 
it to the reader to consider variations of the presented arguments whenever 
the base space of the fibration is an even sphere. 0 

Remark 1.2. We only used that the cohomology classes of the differentials 
and the Wang derivations vanish; thus the class (X) may be presented in 
slightly larger generality. 0 


The proof of the corollary to Theorem A is obvious now: Once W is 
concentrated in odd degrees, the square of every monomial in the Wi vanishes. 

2. The Second Class of Spaces 

Let (A (U © V),d) be a 2-stage algebra. 

We essentially use the inequality 

(5) dim H(A(U © V), d) > 2 dim y - dim ^ 

from [9, Theorem 2.3, p. 195]. 

Proof of Theorem A-Second assertion. We choose a basis (a;j)i<j< n 
of U and (■ yi)i<i< ni +r °f V such that 



6 


MANUEL AMANN 


- n = n\ + ri 2 

- deg Xi is even for 1 < i < n\ 

- deg xi is odd for n\ + 1 < i < n\ + ri 2 

- deg yi is odd for 1 < i < n\ + r 

Let us justify these statements: Passing to the associated pure model of 
(A (U 0 U),d) we make the following classical observations: 

- Since this pure model has finite dimensional cohomology if and only 
so has the 2-stage model, V is concentrated in odd degrees. 

- Since the pure model has finite dimensional cohomology, there need 
to exist at least m many basis elements of V (mapping to a regular 
sequence in A U under d CT , the associated pure differential). 

Thus we need to prove that 

(6) dimiL(A(t/ 0 V), d) > n + n\ + r 

By definition we have that dimiL(A(C/ 0 V), d) > n + 1 (since dU = 0 and 
taking into account zeroth cohomology). 

Every element in A 2 U represents a cohomology class. Every relation 
imposed on this vector space comes from an element of V for reasons of 
word-length. In other words: The cohomology vector space represented by 
elements from A 2 U has dimension 


> 


dim A 2 C/ — dim im d|y n A 2 U 

71 ^ 

' + ni ) - (m + r) 


n 2 — n 


— r 


Thus the cohomology represented by elements of word-length at most two is 
bounded from below by 


( 7 ) 


_ n 2 — n , n 2 + n 

1 + n -|- r = 1 — r H- 


Let us prove that except for a few cases of (ni,ri 2 ,r) one of the following 
two assertions holds 


n + n\ + r < 


1 — r + 


or 


'm +2r < 1 + or 

n + n\ + r < 2 r 


By Observation (6) this will prove the result in nearly all the cases due 
to Inequality (7) in the first case respectively due to Inequality (5) (and 
r = dimP — dim U even ) in the second one. 

So assume that r > and note that n ~~ 3n < | + n2 ~ n — r ^-. Under 

this assumption we verify that the second condition is satisfied for n > 6. 
Thus we assume n\ < n < 5. In this case n + n\ + r < 2 r is satisfied if r > 4. 
Thus we have to assume that n\ < n < 5 and r < 3. A computer based 
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check then reveals that none of the conditions is satisfied only if 
(ni,n 2 ,r)G {(1,0,1), (1,1,1), (1,1, 2), (1,2,2), (2,0,1), (2,0,2), (2,1,2), 

(2, 2, 3), (3, 0,1), (3, 0, 2), (3, 0, 3), (3,1, 3), (4,0, 2), (4, 0,3)} 

One may do the respective simple checks in each case, or one may cite [3], 
which proves the Hilali conjecture in the hyperelliptic case. Indeed, we may 
neglect all those triples with ri 2 = 0, as this is the pure case. Moreover, we 
may also ignore the cases with 77-2 = 1, since in this case the space is necessarily 
hyperelliptic. Thus it remains to deal with (m, 77 - 2 , r) £ {(1, 2, 2), (2, 2, 3)}. 


Let us deal with (1, 2, 2) first. In this case dim7r*(A(t/© V), d) = dim([/© 
V) = 6. Note that dimV odd = 2 and dim(A 2 V) odd = 2. Since V is 
concentrated in odd degrees, it follows that dim H odd (A{U ®V ), d) > 4. Since 
the space has vanishing Euler characteristic, it follows that dim H even (A(U © 
V), d) > 4 and dimR(A(D © V), d) > 8. 

In the case of the triple (2, 2, 3) we argue similarly: The odd-degree 
subspace of the cohomology algebra represented by word-length one elements 
is 2-dimensional, the odd-degree subspace represented by word-length 2 is 
4-dimensional. Vanishing Euler characteristic implies that dimIL(A(I7 © 
V),d) > 2 • 6 = 12. 

□ 

Remark 2.1. The arguments concerning the special cases in the last part of 
the proof generalise: Since these elements have odd degree, the elements XiXj 
with 1 < i < m, n\ + 1 < j < 77, represent linearly independent elements in 
cohomology. So the odd-degree cohomology is at least n\ • 772-dimensional 
and due to the vanishing Euler characteristic for n > n\ the cohomology will 
be at least 2771772-dimensional. 0 


Appendix A. Separating Examples 

We briefly sketch some algebras by which one may tell apart the different 
classes of spaces we consider. Denote by (H) the class of hyperelliptic algebras 
(AIT, d), i.e. elliptic algebras satisfying that 

(1) U = IT even , V = IT odd 

( 2 ) d (U) = 0 

( 3 ) d(V) C A >0 U ® AT 

We provide three minimal Sullivan algebras having the following properties: 

• (AX,d) is in (X), but neither in (H) nor in (£2). 

• (Ay, d) is in (S2), but neither in ("H) nor in (X). 

• (AZ, d) is in {%), but not in (£2)- 

We define the first algebra by X = (a©, x 2 , £3, X4) with deg a© =degx 2 = 3 , 
degX3 = 5 , degX4 = 7 , dxi = dx 2 = 0 , dx3 = xix 2 , dx4 = X1X3. Then, by 
construction, this algebra is 3 -stage (and not 2 -stage), and, since X even = 0 , 
but not all differentials are trivial, it is not hyperelliptic. A direct check 
shows that it is in (X), however. 

The second algebra is given by Y = (2/1,2/2,2/312/4,2/5) with degi© = 
deg 7/2 = degy 3 = deg 2/4 = 3 , deg2/5 = 5 , dyi = d y 2 = da/ 3 = dy 4 = 0 , 
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dy 5 = 2/12/2 + 2/12/3 + 2/12/4 + 2/22/3 + 2/22/4 + 2/32/4- Obviously, this algebra is not 
hyperelliptic. A direct check then also shows that it does not satisfy any of 
the vanishing conditions for the differential or the Wang derivation required 
for (Z). (For example, (dy 5 ) 2 = 2/12/22/32/4-) 

Define the third algebra by Z = {z\, z 2 , Z 3 , Z4, Z 5 , zq, zi) with deg 24 = 
deg Z 2 = deg 2:3 = 2, deg 2:4 = deg 2:5 = degz 6 = 3, deg z 7 = 7 , dz { = dz 2 = 
d ^3 = dz 6 = 0, dz 4 = Z 1 Z 2 , dzs = Z 1 Z 3 , dz 4 = (Z 3 Z 4 — z 2 Z 5 )ze - It is 3-stage 
and hyperelliptic. 
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